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Candiates are required to give their answer in their own
words as far as practicable.
Questions are of equal value.

Answer any one question from thefollowing:

Metric Spacesand Complex Analysis(Theory)

1. (8 DefineCauchy sequenceinametric space. Givean example of aCauchy sequenceina
gpecified metric space.

(b) Provethat every convergent sequenceisaCauchy sequence. Show by an examplethat a
Cauchy sequence may not converge.

(© ProvethataCauchysequence{)gq} inametricspace(X, d) convergesif andonly if it

hasaconvergent subsequence {Xnk } :




. . o 0if x=y
(d) If (X, d) beametric space with the metric defined by d (X, y) = Lif xy , then

show that ( X, d) iscomplete.

(€) Show that thespace X = (0, 1] withusual metric d(X, y)=|x-Y|, ¥, ye X isnot
complete.

2. (a) Let(X,d)and(Y, d") betwometricspaces. Provethat afunction f :( X, d)—(Y,d’)
iscontinuousat apoint xe X , if and only if for all sequences {x,} of elements of X
converging to thepointxin (X, d) ,thesequences{ f ()g])} of dementsof Y convergeto
f(x)in(Y,d’).

(b) If Aand Baretwo non-empty disjoint closed setsinametric space ( X, d ), then show that

1if xeA

thereexistsacontinuousfunction f :( X, d) —» Rsuchthat f (x)=1 :
O0if xeB
(c) StateHeine-Borel Property. Show that thereal lineisnot compact.

(d) Definefiniteintersection property (F1.P). Doesthecollection A={(-n,n):ne N} of
openintervalssatisfy finiteintersection property ?

3. (a) Let (X,d) beametric space, and {x,} and {y,} are convergent sequencesin this
metric spaceconverging tox andy, respectively. Then provethat theseguence {d (X, ¥, )}

isconvergentintheredl lineand convergesto d (X, y).

(b) Definecomplete metric space. Provethat (C, d ) isacompletemetric spacewhere C is
the set of complex numbersand disthemetric defined on C by

d(x y)=|x-y, Vx yeC.

(©) Let C[a, b] bethespaceof continuousfunctionsover thebounded closedinterval [a, b]
equipped withthemetric d given by

d(f,g)=sup{|f(x)-g(x)|:xe[ab]}, v f,geC[ab]




Then provethat asequenceof functions { fn} convergesto afunctionfinthemetric space
(C[a,b], d) if and only if the sequence of functions { f,} convergesuniformly tofin
[a,b].

4. (8) Stateand provethe Cantor intersection theorem on metric space.

(b) Definethe continuity of afunction on ametric space. If (X, dx) and (Y, dy) betwo
metric spaces, then provethat thefunction f (X, d,) — (Y, dy) iscontinuousat x e X
if and only if every sequence {x,} convergestoxin (X, d,), the sequence { f (X, )}

convergesto f (x) in(Y,d,).

(©) Let Sbeanon-empty subset of ametric space (X, d, ), then prove that the function
f:X —>Rgvenby f(x)=d(x,S), Vxe X iscontinuous, by taking usua metric d,,
onR,ie, dy,(ab)=la-b, Va,beR.

5. (8 Defineuniform continuity of afunction on ametric space. Provethat the composition of
two uniformly continuousfunctionson ametric spaceisalso uniformly continuousonthe
same metric space.

(b) What do you mean by separated sets on ametric space? Provethat in ametric spacetwo
open setsare separated if and only if they aredigoint.

(c) Provethat inametric space, the continuousimage of aconnected set isconnected.

6. (8 What do you mean by compact metric space and compact set? Prove that in ametric
Space every compact set isaclosed set.

(b) Stateand prove HeineBorel Theorem.
(c) Giveexampleof ametric spacewhereaclosed and bounded set may not be compact.

7. (8) Provethat convergence sequenceof complex numbersisbounded. Istheconversetrue?
Judify.




(b) Check whether thefollowing sequencesare convergent :

@) {n@+i)}.

(c) Suppose L'g‘o f(2)=1 and L'g‘o 9(2)=1, then provethat

[ f(2)] |
i)
(d) Findthefallowinglimits,if exists:

0) im— ) 22) and
20 74|72 + 2

- 1 .
i) lim - +|y2}
( ) Z*)O[l_ e;
(e) Testthecontinuity of thefollowingfunctions:

zRe—(Z) zZ#
(i)f(z)—{ 74 °

0, z=0




8. (a) Writesufficient conditionsfor afunction f (z) tobedifferentiable.

(b) Defineanayticfunction. Givean exampleof function which satisfies Cauchy Riemann's
Equationsbut not differentiable.

(c) Checkwhich of thefollowing functionsareandytic functions?
(i) f(z)=2+|7",and
(i) f(z)=€™ +2z+6

(d If f (z) isandytic function of z, then provethat

0?2 o2 02
' + =4
) 52 " oy2 ~ "z07 M

(i) (a—2+a—2J\ f(z) =4/t (2)

ox* oy’
(e) Findthefdllowingintegras:

ONN © dz, L: z—'—zzl,and

(z-1) (21

eZ

2 (2_3)3 dz, L isthesquarewithvertices(4,-4), (4,4), (-4,4), (4, 4).

(i) I,

9. (a) Evaluate [, 7Zdz,where I istheupper half of thecircle|z =1from z=-1toz=1.

(b) Find an upper bound of Icﬁdz,whereCistheupper half circle|Z=a,a>1,
Z'+1

traversed oncein the counter clock wisedirection.

(c) DefineCauchy integrd formulaand hencefind I

dz, Cisthedirde |7 = 2.

(9—22)(z+i)




10.

(d) Findthefollowingintegras:

(nz*)+ cos(nz’)

Oy

dz ,whereCisthecircle |z—i| =3, and

(i) o z;dz,wherec bea circlecentredat 4 + i withradius 1.
Z°+2z+5

(e) FindtheTaylor seriesexpans on of thefollowing functions:

i
z*+9

(i) f(z)= about z=0,

(i) f(z)=1log(1+z) aboutz=0,and
(iii) f(2)=sin(z) about z:%.
(&) Stateand proveLiouville stheorem.

(b) 1ssin(z) abounded functionin complex plane? Justify.

(c) Check theconvergenceof thefollowing series:
ODINCE

(ii) Zn—l(1+i)“ ,and

(iii) ij_l(””) .

n3

15z+1

(z-4)(z-6)

(d) Expand f(z)=

representation.

about z,=3. Suggest the region of validity of this

(e) Obtainall possibleLaurent seriesexpansion of thefollowing functions:

(i) f(z):y about z, =0 ,and




(if) f(z):ﬁ

11. (&) Definelimit of acomplex valued functionat apoint.

about z, =1i.

(b) If acomplex valuedfunction, f(z)=u(z)+iv(z), z=x+iy,bedefinedon D = C,

except possibly at z, = X, +iy,, where, u(z) =u(x, y) and v(z) = v(x, y). Thenprove
thet thefollowing limit

limf(z)=w, =1 +il,,where, |,,I,eR

X—>Zy

holds, if andonly if

)u(x, y)=I, and (x,y)lLr(QO )v(x, y)=1,.

lim
(% ¥)=(%0, Yo Yo

(© If two complex valued functions f(z) and g(z), z=x+iy, bedefinedon, D = C
suchthat

limf(z)=1, and limg(z)=1,.
7257

77,

f(z) |

2L where, |, #0.
9(z) 1, ’

Then provethat, lim
-7,

(d) Testtheexistenceof thelimit, Iirgf(z),where, f(z)==, z=x+iy.

N | NI

12. (a) Defineuniform continuity of acomplex vaued function.

(b) If acomplex valued function f is continuous on acompact set, D, then provethat itis
uniformly continuousthere. I stheconversetrue?

(c) Provethat thecompositeof two complex va ued continuousfunctionsiscontinuous.

(d) Letafunction f(z)=u(r,8)+iv(r,6) beanayticinadomain D whichdoesnotinclude

theorigin. Then provethat u(r, 6) satisfiesthefollowing relation

r2u, (r,0)+ru.(r,0)+u,(r,0)=0

throughout thedomain D.




